
 Euclidean domains

In this section all rings will be commutative

If m n c 7 we can find a greatest common divisor
The idea is that we first write

m go h t to whereOerosh If ro O we conclude that hIm
Otherwise we continue and write

n q ro th w 0 Et Cro

to qzr the
V qzrz t b

Continuing in this way we eventually

get hit _0 so ri i qintgi
gcd

eg if b O then r q3rz so k l to k I h Klm

Wecan't use this algorithm in an arbitrary ring because we don't
have an ordering c However we can put on ordering on some

rings

Def let R be an integral domain A function N R Rtu 03
with N o O is called a horm on R If N a O for a O
N is a positive norm



Ex N X RtuLo defined n 14 is a norm

Def An integral domain R is a Euclideandomain if there is
a norm N ou R s t for any a BER w b 1 0 F g reR
with

a qb th w r 0 or N r CN b

In an Euclideandomain we thus have a Euclidean algorithm sincethe

norm of the remainder keeps decreasing i e we eventually endup
with Vi i qiti ri

Ex Fields are Euclidean domains trivially If a bEF a field
and b 1 0 then

a lab b
i e the remainder is always 0 Thus Field Eucdomain integraldomain

Ex Of course 7 is an integral domain by abovediscussion

Ex If F is a field let N F Rtu O be the norm

N f degree off The divisionalgorithm is just longdivision
of polynomials we will later see that if F isn't a field FG
is het a Euclideandomain

Pep If R is a Euclidean domain then every ideal of R is

principal That is if IER is an ideal I d someDER



PI If I 0 we're done Otherwise let de I be a nonzero

element sit N d EN a ht nonzero a c I

Suppose a EI We can write a qd r where r O

or N r CN d

But r a qd reI Thus byminimality of N d r O7in I if I
a qd a c d so I C d But d c I so d I D

Ex Recall that 2 x C RGT is not principal Thus 7Cx is not
a Euclidean domain

Ed consider REFS Define the norm N on RCTs to be

N a t bFs a't Sb

Note that this particular norm is multiplicative N xp NKING

Consider the ideal I 3 I 1 Fs Suppose I is principal

Then I a bfs for some a b cTl

Then 3 2 at bfs I Fs p atbFs some a BEREFT

Takingnorms we get 9 N a atsb and G N B a Sb

Thus a t 5 b L or 3



a't 5b 3 is impossible since b would have to be 0 and
3 is not a square

If a't 562 1 then a _t l b O but then I R This means
that

38 Itf 8 I some 8,8

Multiplying both sidesby l Fs We get

3 l Fs 8 68 1 FS a contradictionw
divisible notdivisible
by 3 by 3

Thus I is not principal so RCTs is not a Euclidean

domain

One nice thing about the Euclideanalgorithm is that it produces
a greatest commondivisor even for an arbitrary Euclideandomain
However even forgeneral rings we can define what it means
to be a greatestcommon divisor though one may not exist

De let R be commutative a be12 with b 10
1 a is a multiple of b if F x cR with a box In this
case we say b divides a written b a

2 d is a greatestdivisor of a and b denoted g.c.d.cab if

i dla and dfb and



ii if d la and d lb then d ld

Reinterpreting this in terms of ideals we have

b a a e b a C b so

d is a gc d of a cruel b if

i a b c d i e Cab C d

ii if a b C di then d E d

ie d is thesmallest principal idealcontaining Ca b In particular

we get the following

Pep If a b ER are nonzero g t Ca b d then d is a

greatest common divisor of a and b

Note that the converse doesn't alwayshold 2 x CRG is not

principal but it's maximal so I is a g c d as is 1 which
leads to the question of uniqueness of gc d s

Pep let R be an integral domain If d d c R s t d di
then d ad for some unit u in R in particular gc ds are

unique up to multiplication by a unit

PI If d O then d O so we're done Otherwise We have
d ud and d ud vud l u a d D



Thus since 12 is an integral domain I Vu so v is a unit D

Note That not all pairs of elements in a ring have ay cd

Ex Consider the ring 7 Fs Then Itf l Fs 6 2.3

Thus 2 2 Fs 6 is contained in both Itf avid 2

N Itf G N r 4 So if a C Itf n e then

61N a and 41N d so 12 ING

If 2 2 Fs 6 E x then N d 124 and N x 136 NG 12
m eaNorm 24 Norm_36

Thus d at bits where a't 562 12 which can't happen

Thus 2 2Fs and 6 have no g c d

An important property of Euclidean domains is that
greatest common divisors existand can becomputed
algorithmically

theorem let R be a Euclideandomain and a bcR nonzero

let d rn be the last nonzero remainder in the Euclidean
Algorithm for a and b Then

1 d is thegreatest common divisor of a and b and



2 d Ca b In particular d xatyb for some x yC R

PI Weknowfrom an earlier prop that all ideals are

principal We thus justneed to show d a b

First we'll show Ca b E d That is we need to show

olla and dlb

Our Euclideanalgorithm in this case is

a gob t to

b q no tr

to qzr t te
i

thz Cfnrn t ru

th i qhtiknw
n
d

we prove by induction down to 0 that rn I ri t i E h

Assume ruth for KEI E h

Then he qpzrk t Rpt rnthe1 Thus rnIvi ti
un
divby divbyrn rn

Thus t lb so a gobtho is dir by rn as wellThus a b C d

Now weshow d C a b



We know noC a b Assume riC a b for OE i Ek Then

he I cfktz.tk t Teti he he l qkzrp E Ca bina n
ca b Aib

Thus by induction d rn C aib Thus d aib D

Ex What is gcd 702,228 By theEuclideanalgorithm
702 3.2281 18

228 12 18 t 12
18 1012 t 6
12 2.6

So 6 18 1.12
18 228 12.18

13 18 228
13 702 3.228 228
13.702 40.228


