E wel 1'(/;{0 N O(UW\a{y\S

I v wehon, all V:’K\js Wi Il be commytative.

& M,k e, we m find a greatest Lommon divisor.
e ideyq iy That we Fixt wyrite
M=, n +ry | Whee o, <. [£ v,=0, we conclude That | M.

OT]MJ/W]'SQ_, we conhuue, amd write

=9,V th w/ 0<hr <v,.
ko:arzh“’z

*qah t s,

th’nwuj in this Woy,  we erh‘allﬂ

S’d_ Vi.=O, w0 Vi- = DLfHkC :
1
9-c.d.

6.3. it ry= 0, Twen , :(LSV& , So V‘Ll V‘o = k,

We com't use twig a\jow’ﬂnvm v anm Arbitrgvy ring, becomge we dow't

h 4

"UMN_ on DVszwlnj < HOWe_vuf Wwe com P“M‘ o ovAwlatj oM o

Vw\js '

Defi Lt R e am inteqral domain. A fumchon N:R—=Z'URS
with N()=0 is called a horm on R £ N(a)>0 fra<0,

N s a positive horm .




Ex: N:ZT—=T0Y defived ne— |

1S o horm.

Def: An inkeqral domain R ig a Budidian  domain i£ Twere ig

o novm N o R sb for awy a,beR w/ b+0 3 q,reR
witw

o = ﬁ(L’ tr wl r=0 or N()<N(b)

In am  Cuclidean dowmain, we ™us howe o Euclideom algovithm, suace The

novim ot ™ML remaindev kceps (ch,ke.o.siv\j, i.e. we e,vuwl-uall\tj end up

witw Via %Hl ..

(|

Ex: Fields ave Euclidean OLUVVlOIFVtS,’f‘HVfa(lj. (6 a,beF o field,
a =@k b

ie., Twe remaindar s alwa/jg 0. (Thus Field = Guc. domain => ivnkgmldmiv)

Ex: O¢ Lwurse 0 is o im(-e_jml demain, vy above discussion.

Ex: £ F s a field, Lt N:FOI=T 0L} be h novum
N(f) = degroe of § T division algovitwm 15 just "(onj divigion"
ot po(vnoW\iaIS. (Wt will later see Twat F Fisn't a feld, F(x)
% wot o Euclickan domain)

—

Prop: I& R s a Euclidean dowmain, Then euevy ideal of R s
principal. That is, it T CR is o ideal, T = (o(), Some J €R.



Pt I# T=0 wee dove. Olwvwie, et de T he a nonzer

elewunt st. N(d) <€ N(x) V nmezern o el

Suppose o6 L. We comm write a=q(d+1~} whave =0
o N(v) <N,

But V=%—ﬂ’rof = reT. Tlrw.sl loy m(v\im({'{’y o€ N(M} F=0.

inT aI}\I

= o =qd = ae(d) 55 TCc@) But del 5 ()=1. 1

E{‘- Recall twat (Z,X.)Q/ZC‘X] i¢ hot pra'mu'pal. _ﬂwxs) 7["] r§ not
& Euclidean domain.

EX: Comsidir Z(VT2). Dofine Tue novme N on TECE) b he

N(a tby) = a®+ Gl

Note twat v pawh’c,u(aw hovim (% W\uH'\'p(n’cah\/ei N(*P’B:N(*\N(@).

—

Consider Twe idea] L= (5) l*w{I) Quppose L i pvimciloal.
Thew T = CC‘*'LMI“_Q) for wowe o,be?

Twm 3=« (athfE)  140E = p(arhf®) o o, B0 ).
Taking hovms, we get ",:N(«)(Cf+5LD’—>) ond QzN(@)(augp}

—“’\/\As 02+G‘ol=lw-3



az+9102=3 ig iw\possilo(.aj Sinhce b would lx\av{ -i-o Im_ @ QV\.J

2 is hot o squave.

€ atr6k? =], ostl, b0, bk hum L =R This meang

Twa+
5X+(l+ﬁ3(g‘=\) wwe Y,d)

Mu(ﬁ\olldihﬁ ot sidks '»13 l_‘/-—c’n we et

Bl-F)¥res =" Fs n contradiction.
divisible hot divisible ’
by 3 by 3

—n'\bts, L s ot Pvrhc([oal) S0 /ZCW} i hoet o Euclideam
dovnain.

One nice ’('Wl/lj about Twe Buclideom aljo(r(ﬂ/\m is That it pmduces
A greatest commom divisor (evon for o avlot'fvwxcvj Euclrdian alavna;z)_
However, etam ﬁ’\’j«ovu/val rings, We Com define what i+ Mmeang

+|7 be & jVLq“’ff'(‘ COV v o diviso (ﬁ'wzj['\ one ’/V\J\.y not €X|'S{')..

Deft Lt R he CMM[A"‘Q‘HVG) a,be R with b+0O
) & is a multipl o b £ I xeR with a=ba lu Tas

Case, we say b divides &, whifken L;lo\.

2) d iy a ﬁm_a{-csf* common divitor of a ad lo(ch.mo’r&:l 3.4.&.@@{#

(i) o((a | o({lo, and



(is) i g d’(a onndd d’(t,,nm\ o(’ld.
RA(MJ—CVPVoh'VLj Twis in tems of (d.a_als) we have

lo]&@ ae(b) e (a)(b) w

d 5 a ged of & o b if
1) a,b €@ e (a,b)C ()
@) if (a,)C(d) Mmewm (Y[,

ie. (4) ig Tue smmallest pvilnciloal ideal cayd-m’m\ig (a,b)  In pav fiwula,
We  get Tue &llow|'m3 :

EVEE'. £ a,b &R ave wonzew <A Ca,lo\=@), W ) is a
(jlrea('ts{‘ comwmaon divisov ol a ard b.

Note Twat Tue comvere doesn't alwwyg hold : C’Z_)x)(_? /ZC"(] is hot
principal, but it's maximal, %o |l is a 9.c-d-, ag g <, which

leads t Tue question o umiquungs of gcdis:

P_w_:_r: let R be aw_iyd'eﬂva( domain. [ A,()/ e R sk Col3=CAI))
T\M/m c1{=ud Fuv ¥ M wvn'-l- U wn R (llA )oav'H(,u(an 3.c.d.g are

wmique up fo mu(tiplicabion by a wnit)

E5 |-£ d=0, T J/"O, so We'te done. OMW‘.K» We haye
d=ud’ omd d=vd =vud’= (1-vu)d’' =0



Twus, sine R ¢ an integral damain, l=vu, so v isa unit. D

Note That ot all pairs of elemmds N a hing have a\j.c.d. :

Ex: Comsider e ring Z0E). Tww (14F)(1-F)=6 =23
Thug, (2*'7—\[?5_) G) is (oitaingl v botn (“\FS) tvad C’Z_)'

NQeF)= 6 N(D) =Y. So i (D) 1+ 0 (2), Twn,

Q\N(o{) ool ‘-l/r\}(ﬂ/ . \Z[N(ﬂ_

| £ Cw’ @g(«)l e N(«)‘w tnnak N(«)\%(, = N(«)=12.

Nww\/:‘ 24 Novim = 3¢

Thuy, o =a th{-s whuwe a®+5L%= 12, which com 't happen.

Thus, 2+2{5 ad ¢ have ho \j.c.o'-

An im portant pvup—e,t/{'j ot Euclidean dovmaing i tmat

greatest common divisors exict and can be cown puted

—
—

alqor mnmrcaﬂg !

Theorem: Lt R be oo Buclidean domain owd &, b eR nomzern.
et d=v, ke tu last nonzero remamdar iv Tue Euclidean
Alguvi-l-lam for a awd b Them

1) d i Mdve_ahsi- ovmmon divisor ofF & o b, ol



2) ()= Ca,b). In pavhular, d=xa+yb, for soma 'x,tjeR.

PL: We know fromn aw carlier prop That all ideals ave
principal. we Thus d’us% need to show (d) ’(a, b).

First, we'll show C&,lv3§(0l). That is we heed b show
(}(a vndl 0(“;

Our Cuclidean algow'ﬂnwl in this cage i

i
We prove buj wductin dowin o O that Vh{‘”z V (€w.

Assume 1 | fov ki <€n,

T, Vi © CL—lwzkk t Vew = W R —n"qu V. |V Vi
\_/\/v A
div. b div b
wd

Thug, lr“:) S0 arqolo b, g div. by Ve os well Thus (“zk)g@).

Now we show CO‘B g("‘/t).



We know e (a,h) Assume V6 (ab) fv O0Sick Tum

< V‘ s = = d
Ve T G e = &l YV € Cayb)

m M
C&)]DS (qlk)

Thus, 1”"4 tmoduchn  d=v, € (“n)")- Thus (OD:O')O)' N

Ex: What is  gcd. (302,228) 7 By twe Guclidean alqovituum,

Fo2=3°22% + 1%

228 <12-18 + |2
1€ =12 +(
12 =26

So (=18 —1-12
-1 - (228 -12:18)

13-1¥-22¢

13-(F02 -3-228) - 22¢

13-%02 - 40-22%

[

"



